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The usual solution of V4b = 0 in terms of harmonic functions carry along 
with them, conditions on the smoothness of b and restrictions on the con- 
nectivity, convexity and boundness of the regions in which the forms are 
complete. E. Almansi [l] is generally credited as the first to have established a 
representation theorem for such functions. Beginning with a biharmonic 
function, b, regular in a right cylindrical region of space which is z-convex, 
he showed how to construct a pair of harmonic functions, h, , h, such that 
b = h, + zh, . His method is cumbersome and complex. R. J. Duffin [2] 
elegantly established the same result in a completely elementary way. At 
about the same time E. Sternberg and R. A. Eubanks [3] submitted a proof 
on the weaker hypothesis that the region in which b is defined is z-convex. 
Almansi also observed that biharmonic functions of the form 
,02h5 + h, = b p2 = x2 + y2 + 22 (1) 
can be useful in the solution of boundary value problems connected with the 
sphere. P. Franck and R. v. Mises showed (1) to be complete in any star- 
shaped region containing the origin. 
Recently R. L. Fosdick [4] proved 
b=xh,+yh,+zh,+h, V2hi = 0 
to be complete in any simply-connected nonperiphractic domain. 
My purpose here is to obtain a representation for regular biharmonic 
functions which places no restrictions on the character of the region beyond 
those required for the validity of the divergence theorem. 
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PRINCIPAL THEOREM 
Suppose D is the interior of a bounded region of space for which the diver- 
gence theorem is applicable. If b is C4 in D and C3 in D + aD where aD 
is the boundary of D, then Green’s third identity for b, takes the form 
8nb(P) = I,, [R (Fj + (v2R) (gj - (V2b) (gj - b (qj/ dQ, 
(3) 
where n is the outer normal to aD, P is any point in D and R is the distance 
between P and Q. Since VaR = 2/R, the second and last terms in (3) give 
rise to potentials due to single and double layers with at least piecewise 
continuous densities. Hence for P E D, these are harmonic functions. The 
third term consists of single layers and single layers multiplied by x, y, z 
(the coordinates of P), respectively. Finally writing R = R2R-l in the first 
term, we have a series of single layers: one multiplied by p2, one by x, one 
by y, one by z and a single layer standing along. In all, the densities are at 
least piecewise continuous. Hence we arrive at the following theorem: 
Let D + aD be a bounded region of space for which the divergence theorem is 
applicable. If b is C4 in D, satisfies V4b = 0 there and is C3 in the closure, then 
b = p2hs + 4 + $2 + 4 + h, , (4) 
where the hi are regular harmonic functions in D. 
The validity of (4) can be extended to unbounded domains by suitably 
restricting b and its derivatives in the neighborhood if infinity. Furthermore 
if b has point and line singularities in D, then (4) is complete when the hi 
range over the set of harmonic functions having point and line singularities 
on the same set as b. This result is established by deleting from D a neigh- 
borhood of the set on which b is singular and applying the identity of (3) to 
this new region. 
REDUNDANCY OF (4) 
It has already been stated in the introduction that under proper conditions 
on D some of the hi in (4) may be taken zero without impairing completeness. 
For these circumstances (4) is redundant since it contains more harmonic 
functions than are really necessary. On the other hand, the requirement that 
the hi be regular in D stymies all hope of establishing a general redundancy 
theorem here. For suppose D is the spherical1 shell c < p < ~11. Choosing 
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b = p we can write b = p2h5 where h, = l/p. To represent b in the form (2) 
it is necessary that p/~~,~ = 1 (j = 1,2, 3). Because hi are regular in the shell 
they have an expansion in solid harmonics of integral degree. Since the 
divergence operation eliminates all terms of degree - 1 from such an expan- 
sion, (4) cannot be complete when h, = 0 for all D. 
To show that (1) is complete, in (4) it is necessary that 
4Jrg+y3+ z 2) + 6h, = V2b 
have a solution h, which is a regular harmonic function in D. It has already 
been established that such an h, always exists if D is star-shaped relative to 
the origin contained in D. However, the extension of (1) to a broader class of 
regions remains an open question. 
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